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1 | INTRODUCTION

In recent years, the surging usage of communication devices results in a huge data traffic demands.' In this regard, the
research subjects, such as big data mining and wireless sensor networks, have attracted lots of attentions. The achieve-
ments in this fields witnessed remarkable progress to address the confronted traffic issues.**> On the other hand, besides
these concerns, in the next generation of wireless networks, novel transmission strategies, such as multicarrier systems,
are developed to overcome the physical challenges of communication channels. Filter bank multicarrier (FBMC) schemes
have attracted a lot of interests because of their flexibility for future communication applications.® Also, Amini et al®
illustrated that FBMC can be a promising scheme for harsh and time-variant links, such as underwater acoustic chan-
nels. It is remarkable that the main feature of FBMC is to use well-localized prototype pulse shapes to control the intrinsic
interferences.'®!' Well-localized pulse shaping also makes FBMC robust against interference originated from the time
and frequency asynchronous users.'® Although the transient intervals of the well-localized pulse shape in FBMC lead to
additional latency issues, this system is studied as the basis of the next generations of communication networks because
of its prevailing advantages.'>!?

Orthogonal frequency division multiplexing/offset quadrature amplitude modulation (OFDM/OQAM) is one of the
prevalent FBMC systems, which can provide the maximal bandwidth efficiency.'®* To achieve this aim, in OFDM/OQAM
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real-valued symbols are transmitted with overlapped pulse shapes in both time and frequency domains. The pulse
shaping and time-frequency spacing between adjacent symbols are organized such that the interference on the desired
real-valued symbol is pure imaginary and can be eliminated easily by a real-taking operation.’® Using no guard
interval to transmit the symbols, the bandwidth efficiency of OFDM/OQAM is more than that of the cyclic prefix
(CP) OFDM.

It must be noted that in the presence of nonideal channels, the receiver of the OFDM/OQAM system, firstly, needs to
eliminate the channel effects on the received symbols before taking the real part.'> Because of this preliminary equaliza-
tion, the application of spatial multiplexing (SM) along with the OFDM/OQAM system is a challenging issue. The reason
is that those OFDM techniques to achieve the full diversity gain of multi-input multi-output (MIMO) channels are aborted
when OFDM/OQAM is directly applied to them.'

Instead of real-valued symbols, transmitting complex symbols with the same procedure of OFDM/OQAM is 1 solution
of the mentioned issue. On the other side, the resulted interference among the complex symbols becomes very large,
which must be eliminated by using an appropriate transmission constellation at the transmitter and/or equalizers at the
receiver. There are a range of FBMC systems, which transmit complex QAM symbols, and in this article, we call them the
FBMC/QAM schemes.

It is noticeable that to compare the spectral efficiency of FBMC/QAM systems, the symbol density in time-frequency
lattice is introduced. It implies the ratio of the number of transmitted data symbols (with the ability of perfectly removing
the interferences at receiver) to the given time-frequency area.'” Note that transmitting complex symbols in FBMC/QAM
leads to an enlarged interference among the symbols and, as a result, more complicated strategies are needed to eliminate
this interference, compared with OFDM/OQAM. In this article, we investigate the time-frequency symbol density of
FBMC/QAM. To this end, the contributions of this paper are summarized as follows:

« We first present a closed-form matrix formulation for FBMC/QAM procedure by considering some redundant trans-
mitted symbols at the transmitter.

« On the basis of the matrix presentation, we prove that the transmission matrix of FBMC/QAM is rank deficient, such
that half of its eigenvalues are ones and the other half are all zeros.

« According to the rank deficiency of the transmission matrix, we argue that the maximal achievable symbol den-
sity of FBMC/QAM, with the ability of completely removing the interference, is equal to that of the conventional
OFDM/OQAM system transmitting real-valued symbols.

The remainder of this paper is organized as follows. In the next section, the OFDM/OQAM system model is reported. In
Section 3, the transmission procedure of FBMC/QAM is presented in a matrix form. In Section 4, the maximum achievable
time-frequency symbol density of FBMC/QAM is discussed. The related works are provided in Section 5, and finally,
Section 6 contains the article's conclusions.

Notations: Matrixes, vectors, and scalar quantities are denoted by boldface uppercase, lowercase with an upper bar,
and normal letters, respectively. (A),, is the entry in the nth row and pth column of matrix A. Also, A" is a square
submatrix of A in the nth row and gth column. I and 0, are the identity and zero matrixes of the size L X L, respec-
tively. The Dirac delta function is denoted by 6x;. K = kron(A, B) returns the Kronecker tensor product of A and B
matrixes. Finally, the superscripts (.)7, (), and ()* indicate transpose, conjugate transpose, and conjugate operators,
respectively.

2 | OFDM/OQAM SYSTEM MODEL

Consider an OFDM/OQAM system with L subchannels. The transmitted signal in discrete-time form can be presented as

L-1

stml =) Y di @72 £ im], €y

k 1=0

where fi[m] 2 fIm — kNo] exp(j2zlFym) and f[m] is the impulse response of the prototype filter. Also, di; is the
real-valued symbol transmitted at the kth time instance and Ith subchannel, which is multiplied by the staggered factor
exp(jz(k+1)/2). Note that Ny and Fj, are the spacing interval between 2 adjacent symbols in time and frequency domains,
respectively. To achieve the maximum time-frequency symbol density, in OFDM/OQAM, Ny = L/2 and F, = 1/L. Also,
in OFDM/OQAM, the following orthogonality condition must be satisfied'*':
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Re {e‘j”(Ak+Al)/ 2 Z Jiealm] f ;Mk’lﬂl[m]} = OakAl- ()
m=—co

When the transmitted signal s[m] passes through the ideal (distortion-free) channel and after addition of the noise
components, the received signal becomes
ylm] = s[m] + w[m], (3
where w[m] is the additive white noise. The demodulated symbol at the k’'th time instance and I'th subchannel can be
extracted by matched filtering the received signal y[m] as

Ve = 2 ylm] (e_j SNy Py [m])

m=—co
L-1 o0 (4)
= 2 de,l e /mAkTAD/2 2 fralml £, , Im] + @i,
k 1=0 m=—co

where Ak=K —k, AI=1' — land wy = ¥
is a normalized pulse shape, such that }°.>_ | fie v [m]|> = 1, (4) can be rewritten as

w[m](e~/*®+1/2 f= [m]) is the matched filter output noise. Since f[m]

(o]
m=—oo

Yy = dpy
L-1 )
+ ) Y dig e AN p i Im) £, Im]
k! =0 M=o (5)
1
- ~ v
Ik’,l’
+ o,

where Iy p is the interference term generated by the symbols at the other time instances and subchannels. According to
(2), Iy p is a pure imaginary term and the receiver can remove it easily by using a real-taking operator

Eikr,p = Re {yk’,l’} = dk/’lr + Re {wkr’lr} . (6)

As it is mentioned before, in OFDM/OQAM, the maximal spectral efficiency is achieved by setting the time and fre-
quency spacing to Ny = L/2 and F,, = L/2, respectively. To evaluate the spectral efficiency, the measure of time-frequency

symbol density is defined as D 21 /NoFy, which is ratio of the number of transmitted symbols to the given time-frequency
area. Thus, in the case of OFDM/OQAM, D = 2 for real-valued symbols, which is equivalent to D = 1 for complex sym-
bols. According to the Balian-Low theorem, this is the maximum achievable symbol density in a multicarrier scheme.'
Despite its maximum symbol density, OFDM/OQAM has a significant drawback. When the channel is nonideal, to detect
a desired real-valued symbol, the receiver needs to get rid of the channel effects before the real-taking operation. This pro-
cedure can be performed with either a zero forcing or minimum mean square error equalizer.’ Due to the preliminary
equalization, in MIMO channels, those SMs of OFDM cannot be directly applied to OFDM/OQAM.'**

In this regard, to eliminate the real-taking operation, and consequently, the preliminary equalization, the FBMC/QAM
systems, which transmit complex symbols instead of real ones, are of the interest. In FBMC/QAM systems, the MIMO
channel diversity gain can be fully achieved by applying SM techniques. On the other side, to cancel the enlarged inter-
ference of the FBMC/QAM system, some solutions are reported in Renfors et al and Lin et al.*>* In these articles, to
avoid the interference, 1 type of guard interval is considered between the transmitted symbols, which leads to the degra-
dation of symbol density. The purpose of our article is to investigate the maximal time-frequency symbol density, which
can be achieved in an FBMC/QAM system, with the ability of completely removing the interference. In this regard, in the
following section, we first introduce a new matrix presentation of the FBMC/QAM procedure.

3 | MATRIX PRESENTATION OF FBMC/QAM

At the first step, let us suppose that the symbol dy; is complex. Accordingly, we consider the 1/ \/5 factor to normalize the
symbol power equivalent to that of OFDM/OQAM. Also, for more facility, we can remove the staggered factor from (1),
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and without loss of generality, the FBMC/QAM transmitted signal is presented as
1 -1
stm] = NG > D di frilm). 7
2k 1=0

Therefore, the demodulated symbol after the matched filtering becomes

Ve == Z del Z Sealml £, Im] + wpe (®)
m=—oco
where wyp y = 1 / \/_ 2y wlmlf; L is matched filter output noise. We can represent (8) as

L-1
k/
Ver = Z ng’—k,l’—l dict + @i r

[so]
Z Z 5AkA, dio—aky-al + Oy,

Ak=—0c0 Al=—L+1

©)

A A
in which Ak=k’ — kand Al=1' — I. Also, the time-frequency interference extension at time instance k’ is defined as

AkAlé_ Z Sralml £, Im]

m——oo

[e]

(10)
_1 L —j2ralm/L \ —jz Al
—5{ E f[m—Akz]f[m]e }e .

m=—oo

According to (9), &X' A Al indicates the interference proportion of dy; on the desired symbol dy . On the other hand, since
the prototype filter f[m] has a compact pulse shape in time and frequency domains, the most power of interference on
the desired symbol comes from the symbols at its time-frequency vicinity and the intruding effect of the other symbols
can be considered trivial.'>** Therefore, yy y, presented in (9), becomes

Q P
Ve = Z Z &y n dr—akiar + o, (€8))

Ak=—QAl=—P

where Q and P are the maximum extension of &

|Al] > P leads to éAkAl ~ 0).
After presenting the FBMC/QAM interfering procedure with &X' aear at the next step, we demonstrate that &X' AL isinher-
ently periodic through the frequency axis (ie, Al); furthermore, we show that it can be periodic through the time axis (ie,

Ak) by adding some redundant cyclic prefix (CP) and cyclic suffix (CS) to the transmitted symbol block.

A Al in time and frequency domains, respectively (ie, either |Ak| > Q or

3.1 | Periodicity of FBMC/QAM interference through the frequency axis

Since the number of subchannels of the FBMC/QAM (ie, L) is considered to be dividable by 2, from (10), we can derive
that

éAk AL 5Ak Al (12)

Equation 12 illustrates that ék s periodic through the frequency axis with period L. By using this property, from (11),
the demodulated symbols of all subchannels at time instance k’ can be written in a matrix form as

Q

Y = Z \P]Z/kak’—Ak + oy, (13)
Ak=——Q

A A ’o. .
where Jp = [yro, ... YL 1] k_[dklo, oo dpp-117, and @p = [wp o, ... a)k/L 117, In (13), ‘I"Zk is a square matrix of the
size L X L, containing the &€
as (14).

coefficients and, because of the periodicity of &, (presented in Equation 12), is obtained

Ak,Al Ak,Al
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K K K
gA_k,o T gAk —P+1 5Ak -P 0 e 0 0 ‘fAk,P T fA.k,l
K ' ' N W
5AII§;19—1 k; o ‘fAko 'k; ’ ‘fAk —P+1 ‘fAk -P 0 0 0 gAk,P
‘fAk,P gAII?P—l k', o gAk,O e gAk —P+1 ‘fAk -P 0 T 0 0
o A 0 aEAk,P gAk,P—l o gAko o é-’:Ak —P+1 éAk > O o 0
\PAk = : k, " . : . (14)
0 e 0 5Ak,P 5Akp 1 k'/ o gAkO 'k; ’ é:Ak —P+1 gAk -P 0
k,O 0 e 0 CfAkP éAI]?P—l T §Ak,0 'k; ’ éAk —P+1 éAk -pP
(:Ak_,—P 0 0 e 0 gtAk,P éAkP 1 gAk,O e gAk —P+1
k/_ . . e
gAk -1 5Ak -P 0 0 0 ‘:Akp éAkP 1 é:Ako

Note that ‘I”‘ is a circulant matrix, in which all rows and columns are constructed with the circular shifts of &

Ak,Al
coefficients for Al = —P, ... P. Moreover, by using (10), it can be shown that fﬁ; il &K AL which leads to ‘I‘k +2 = ‘I"‘/
with &F

+ /
Thus, for more facﬂlty, in the rest of this paper, we present &€ kAl and ¥¥ i With W7, when k' is an even number

Ak,Al

and present & Akl with &7 Akl and ‘I”;k with ¥, ¥ Ak— when k' is an odd number. Therefore, (13) can be rewritten as
Q -
Z ‘I’Zk di_ax + @ ; when k' is even,
_ Ak=—
J’k’ = ) Q (15)
z ‘PZk C_lk’—Ak + @y ; when k' is odd.
Ak=—Q

3.2 | Periodicity of FBMC/QAM interference through the time axis

In the following, to make a periodicity through the time axis, suppose that the transmitter appends a CP and a CS, each
with the length of Q, to the transmitted symbol block. In other words, we suppose that in a symbol block with length M
time instances (k =0, ... M — 1, where M > 2Q + 1), the first and last symbols of this block are organized as

&k = C_ik+M_2Q ; fork=0,...0Q-1, 16)
dy = dipiag ; fork=M-Q, ... M —1.

Figure 1 illustrates the principle of appending CP and a CS to the symbol block. At the receiver, after removing the CP
(fork=0, ... Q—1)and CS (fork = M- Q, ... M — 1), the remaining symbol block has the circulant property, regarding
the time axis, such that by defining y = [7, ... ¥yj_o_,1" d=[d],..dl ol and @ = [@ ... @y, _,_,1", according
to (15), the demodulated symbols at each symbol block can be presented in a matrix form as

y=Zd + @, 17)

. . . A . .
where Z is a square matrix of the size LNX LN (note that N = M —2Q) , which by assuming that N and Q are even numbers,
it can be presented as (18). According to (17), Z can be interpreted as the transmission matrix of the FBMC/QAM system.

i \II(J)r . \IIJ_rQJrl \[liQ 0 . 0 0 \I’Jé . \]l;r 7]
Wo oo W W, ¥, 0 o 0 Y,
\IIQ \pQ:l - L S - ‘II—Q+1 \Ii—Q (i . 0 0
0 \pQ \IIQ—I TR .. ‘I‘—Q+1 \II_Q 0 e 0
Z= : ) ’ : (18)
+ + + + +
I
Q -1 o -Q+1 -Q
w00 o W Wi, LSRR S
R ¥, 0 0o .- 0 W, ¥, - ¥ |
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f_f{: 1 =dy -1 ‘?:g_} 1 At 20-1 dy g-1 dyg J—ng_; 1

it [p fe e

CP CS

FIGURE1 Principle of appending cyclic prefix (CP) and cyclic suffix (CS), with length of Q, into the transmitted block with length M

B, - B,yuB, 0 . 0 0 B, --- B
B,y -~ By - B_, B, 0 0 o0 B,
B, B, - By - B B, 0 - 0 0
0 B, B, - By -+ B,uB, 0 - 0
A=| : - W3 19)
0O --- 0 B, B, --- By ---B,y B, 0
0 o --- 0 B, B, --- B, --- B,y B,
B, 0 0 0 B, B, --- By - B_,,
B_, B, 0 0 0 B, B B,

To investigate the time-frequency symbol density of FBMC/QAM, in the next section, we determine the rank of the
transmission matrix Z.

3.3 | Rank of the FBMC/QAM transmission matrix

To obtain the maximal symbol density that can be supported by FBMC/QAM, the rank of the transmission matrix Z is
determinative. To specify the rank of Z, its eigenvalues need to be calculated. In this regard, for more facility, let us define
the circulant function A = circ(B, ), in which f is a positive number and B is a matrix defined as B é[B_n, ... By, ... Byl
Each submatrix B;, for i = —#, - - - 5, is a square matrix of the size @ X @. Thus, when g > 25 + 1, the circulant function
returns the matrix A of the size af x af as (19). As a result, the circulant matrix ‘I"Z/k in (14) can be represented with the
circulant function as

W, =cire([El, oo 80 ol D). (20)

Also, it can be easily shown that matrix Z in (18) can be illustrated with the circulant function as

Z = circ([O®_gy2, - - - O, - - - Og2], N /2), (1)
in which @, fori = -Q/2,---Q/2,is a 2L X 2L matrix defined as
+ +
0, 2 [\I,\Iiﬁ \PZi:l] . (22)
2i+1 T 2i

In addition, before deriving the eigenvalues of Z, we need to mention 3 lemmas as follows:
Lemma 1. Assume that matrix ¥ is a circulant matrix of the size f X p, which can be presented as

Y = circ([a—,, - - - o, - ayl, B). (23)
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A
Also, assume that Fy is the discrete Fourier transform matrix of the size p X p. In this case, matrix V = F? WF; will be a
diagonal matrix, and the entries of its diagonal are the f-point inverse discrete Fourier transform of a; fori = —n, ... ,n.*!

In other words, the (p, p)th entry of V'is
p-1
V), = Za[i]ﬂ ei2win/h | (24)

i=0
where [.]4 is the modulo operator.

Lemma 2. Assume that the circulant matrix T of the size B X f is defined as

T= Circ([(l)—r]" : 'q)O" ‘ ¢n]9ﬂ/2)’ (25)
in which fori = —n, ... ,n, ®; is a 2 X 2 matrix constructed with a;, b;, ¢;, and d; such that
_laid;
o - [ud] o

Also, suppose that A é F,;HTF,;. Then, the (n, q)th entry of A, forn,q =0, ... p—1is

1 ay+ b, +e2mmIN .
2 <+en—j21m/nNd/n " ;lfn =4q,
(A)nq = ! / j2rn/N (27)
, 1(fd,—-b,+e c .
Y ( _g—jz:nz/nNdln " > ;ifn=qxN/2,
0 ; otherwise,
wheread’,, by, 'y, and d',, forn =0, - - p — 1, are defined as
p/2-1
o j2min/(p/2)
a,= Z amB/ e .
i=0 ’
p/2-1
bln — Z b[i]B/z ej2ﬂin/([3/2)’
i=0
p/2-1 (28)
C’n — Z Clily s ejZm'n/(ﬁ/Z)’
i=0
p/2-1
dln — Z d|i|3/2 ej27rin/(ﬁ/2)'
i=0
Proof. See Appendix A. O
Lemma 3. Assume that A is a matrix of the size 2 X 2, presented as
_ | Yoo To1
A= [rg,l "1,1] ’ (29

in which rgp and r;; are real and ry; is complex. If the diagonal matrix X contains the eigenvalues of A, then it can be
presented as

2:[500], (30)

081

in which gy and €7 are calculated as

1 [ Too t 1.1

f0= 5 <+\/[V0,0 - }’1,1] 2 + 4|VO,1|2 > ’
1 [ Toot 1.

“73 < —\/[Vo,o - V1,1]2 +4|”0,1|2 ) -

(31)
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By using these 3 mentioned lemmas, we will determine the rank of the FBMC/QAM transmission matrix by proving
the following theorem:

Theorem 1. The rank of the LN X LN matrix Z, presented in (21), is LN /2 such that the half of eigenvalues of this matrix
are exactly ones and other half of eigenvalues are zeros.

Proof. We illustrated that Z, appeared in (17), can be presented with the circulant function. The calculation of
the eigenvalues of Z in this form is very difficult. Thus, to simplify the process, we define the matrix T, which its
eigenvalues are equivalent to those of Z such that

A
T=X"ZX, (32)
where X is a unitary matrix of the size NL X NL and is defined as

X2 kron(Iy, Fy). (33)

Since X is a unitary matrix, the eigenvalues of Z and T are the same?*; thus, we can find the eigenvalues of T, instead
of Z. Substituting the presentation of (21) and (22) into (32) and considering (33), it is concluded that T can be written
as

T = circ([®@_gy2, - - Do, - - - P21, N/2), (34)

in which ®;, fori = —Q/2,---Q/2, is a 2L X 2L matrix defined as

FH‘I‘+F FH‘I‘Jr
P = [FH\I‘ F, F'¥F ] (35)
2i+1° L 2 L
Since Yi+ and Yi-— for i = —Q ,Q are circulant matrixes (see Equation 14), according to Lemma 1,
v —FH‘I‘+FL, A\ —FH‘I‘ FrL, Vo, FH‘P; . Fr,and V; —FH‘I‘; ,F all become diagonal matrixes of the size
LXxL, Wthh thelr (p p)th entrles are
j2rAl p/L
Zézzwj e/,
Al=0
L-1
- - 2 Al p/L
(Vzi)p,p = Z§2i,[AlJL e/2matp/L,
Al=0 (36)
j2zAlp/L
21+1 Z‘fzzﬂ [Al]LeJ i
Al=0
j2rAlp/L
Vi 1 Zézz 1,[Al]Le] T
Al=0
O
On the other hand, matrix T in (34) corresponds to the condition of Lemma 2; thus, let us define
A = E"TE, (37)

A
where E =kron(Fy, I). Note that, since E is a unitary matrix, the eigenvalues of A are equivalent to those of T (and also
those of Z); then, we will calculate the eigenvalues of A. According to Lemma 2, A9 (ie, the (n, q)th submatrix of A of
the size L x L) is a diagonal matrix, which is obtained as

% (A’n + B, + 2MNC! + e 2ND! ) ifn =g,
A(Vl,q) - 3 ( _ B’n + ejZnn/Ncln _ e—/27rn/NDln) s ifn = qiN/Z, (38)
0r otherwise,
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where A’,,, B’,,,C',,and D/, for n = 0, - - - N — 1, are diagonal matrixes such that

N/2-1
! _ + j2rin/(N/2)
Alp = Z V[2i]N/2eJ ’
i=0
N/2-1
’r _ — J2rin/(N/2)
B, = 2 Vi, e ,
i=0
N/2-1 (39
j27in/(N/2)
' = Z Vi, ’
N/2—1
’r _ + j2zin/(N/2)
D, = 2;4 Vi, .
i=l

Substituting (36) into (39), the (p, p)th entry of A’,,, B’,,, C’,,, and D’,, becomes

N/2-1L-1

ji2rAlp/L ,j2xin/(N/2)
Z Zélmlmz lAuLe] ¢ ’
i=0 Al=0
N/2-1L-1

’ _ ji2rAlp/L 2mn/(N/2)
(B n)PaP - Z 25[21]1\1/2 [Al]LeJ e]

i=0 Al=0
N/2-1L-1 (40)

— i2zAl i

(C,n)p!p= 2 25[2i+1]N/2,[N]L e/ 2 Alp/L gi2nin/(N/2)
i=0 Al=0
N/2-1L-1

’ _ j2nAlp/L ,j2rin/(N/2)
(D - Zo Z‘f[z, y/2r [Al]Le ¢ )
i=0 Al=0

On the other hand, note that, from (10), it is resulted that when Ak is an even number, Ak, Al— = (—1)2EAk, Al+;
also, when Ak is an odd number, EAk, Al— = & — Ak, Al+; thus, (40) can be all rewritten in terms of £Ak, Al+, such that

N/2-1L-1
j2zAlp/L ,j2xin/(N/2)
( z Z f[21]1\1/2s[Al]L ej ej ’
i=0 Al=0
N/2-1L-1

Al j2nAlp/L ,j2xin/(N/2)
( 2 2( 1) 5[21]1\1/2 [Al]]_ej ¢ ’

i=0 Al=0
N/2-1L-1 (41)

Jj2rAlp/L ,j2zin/(N/2)
= 25[ 2i-1]y AL, © ¢ ’
i=0 Al=0

N/2-1L-1

Jj2rAlp/L ,j2zin/(N/2)
= 2 Xéh Uy a0, © ¢ :
i=0 Al=0

As is clear from (41), (D’,,),, = (C',); ,; as a result, (38) can be simplified to

% (A’n + B, + 2Re{e/2/NC!}) ;ifn =g,
A = 3 (A", =B, + j2Im{e/2/NC! . }) ; ifn = q=N/2, (42)
0; ; otherwise.

Furthermore, we show in Appendix B that, for a prototype pulse shape, satisfying the condition (2), we have always
A,n + B,n =1,
A, -B, =0, (43)
IC"sl = —IL-
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Substituting the first 2 terms of (43) into (42) leads to

%[IL + 2Re{e/ZNC! 1] 5 ifn=gq,
A = jIm{e2™/N ! ; ifn = g£N/2, (44)
0 ; otherwise.

According to (44), matrix A can be represented in the form of

[ ROO ROD ]

ROD= RAD (45)

in which R®? and RV are real-valued diagonal matrixes and RV is a complex diagonal matrix. Note that, R®?, R,
and ROV | of the size NL/2 x NL/2, are defined as

an §1L + Re{e/270/N ¢/} 0

R%YY = P
0 S+ Re{e/27N/220INC )

A jlm{ejZEO/NCIn} 0
ROD 2 ' , (46)
0 jIm{eJZE(N/Z—l)/N C’N/Z—l }
A §1L — Re{e/270/N !} 0

R = “.

0 %IL _ Re{efz”(N/z‘l)/N C’N/Z—l}

From (45), it is obvious that A matches the condition of Lemma 3; thus, by considering (46) and the last term of (43),
into (31), the diagonal matrix X containing all eigenvalues of A becomes

Inz/2 Ongy2
= . 47
[ONL/z Onz /2 (47)

As (47) illustrates, the half eigenvalues of A are exactly ones and the other half are zeros. Also, according to (32) and
(37), A = XE)?ZXE; since X and E are unitary matrixes, the eigenvalues of A and Z are equivalent; thus, it is concluded
that the half eigenvalues of Z are ones and the other half are zeros; as a result, the rank of Z, with the size of NL X NL, is
NL/2 and the theorem is proved.

4 | TIME-FREQUENCY SYMBOL DENSITY OF FBMC/QAM

In the previous section, we showed that the FBMC/QAM system with CP and CS has a rank-deficient transmission matrix,
such that the half of its eigenvalues are exactly 1 and the other half is 0. In this regard and also considering (17), since the
number of equations should be at least equal to the number of unknowns, one can conclude that the transmitted vector,
d, of the size LN x 1 must be linearly constructed from maximum LN/2 independent QAM symbol, such that

d =G, (48)
where G is the precoding matrix of the size LNX(LN/2) and @ is the QAM symbol vector of the size (LN/2)x1. Accordingly,
the FBMC/QAM time-frequency symbol density can be calculated as

_ NL/2 N
T (MNo)LF,)  N+20Q°

(49)

From (49), it is concluded that the quantity of the symbol density of FBMC/QAM, D, just depends on N (the length
of symbol block for which a CP and a CS is appended) and 2Q (the total extension of the prototype filter through the
time). It must be noted that, since the interference of FBMC/QAM is inherently circulant regarding the frequency axis,
the extension of the prototype filter through the frequency does not affect the symbol density.

On the other hand, looking for the maximal symbol density, we suppose that N — oo, which leads to D = 1. This symbol
density is exactly equivalent to that of the primer OFDM/OQAM. In other words, one can say that, in addition to
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handling the SM techniques in MIMO channels, FBMC/QAM system has the potential to provide the maximum
achievable bandwidth efficiency for a multicarrier system.

5 | RELATED WORKS

Recently, some limited studies try to achieve the spatial diversity by adapting the complex SM techniques to the
FBMC/QAM system.”*2¢ In these studies, the Alamouti coding, as the only orthogonal STBC, has been considered to
achieve the maximum diversity gain. In Lin et al,”® an FBMC/QAM pseudo-Alamouti scheme has been introduced, which
requires a CP as a guard interval. The length of CP needs to be at least equal to the time dispersion of the channel and, as a
result, this scheme suffers from the lake of spectral efficiency. Renfors et al*® proposed a method, in which, instead of CP,
a zero-padded gap is used to avoid the interference. Because of this gap, in this scheme, the lack of bandwidth efficiency
is considerable.

In Lele et al,** the code division multiple access is combined with the FBMC/QAM to transmit the complex sym-
bols and the bandwidth efficiency of this system is related to the number of users of code division multiple access. Also,
Zakaria and Le Ruyet* proposed a method titled as fast Fourier transform filter bank multicarrier, in which a CP OFDM
technique is applied at each subcarrier of FBMC/QAM to eliminate the interference. In such a system, complex symbols
are transmitted and SM techniques can be directly applied but the system suffers from the diminishing bandwidth effi-
ciency because of using CP. In fast Fourier transform filter bank multicarrier, the length of CP is equal to the prototype
filter's time dispersion.

To compare the achieved symbol density in the mentioned schemes to the maximal symbol density of an FBMC/QAM
system derived in this article (ie, D = 1), consider an FBMC/QAM system in the situation presented in Table 1. In this
regard, the obtained symbol density for the above schemes is summarized in Table 2. As is obvious from Table 2, the
symbol densities of these methods are lower than the maximal density D = 1, which asserts this fact that the ultimate
maximal symbol density of any FBMC/QAM scheme, with the ability of perfectly removing the interferences, is D = 1.

TABLE1 FBMC/QAM parameters

Parameter Value/Type
modulation 4-QAM
prototype filter IOTA
sampling period t; = 100 ns
carrier frequency f. =2GHz
number of filter bank subchannels L=128
fading channel model Vehicular-A
CP length v=124

number of users in CDMA based schemes U = 32

FFT-FBMC per-subchannel-OFDM size a=32

FFT-FBMC CP length v=4
Abbreviations: CDMA, code division multiple access; CP, cyclic prefix;
FBMC, filter bank multicarrier; FFT, fast Fourier transform; OFDM,

orthogonal frequency division multiplexing; QAM, quadrature ampli-
tude modulation.

TABLE 2 The achieved symbol density by considering the situation of Table 1

Type of scheme Achieved symbol density (D)
Proposed scheme in Lin et al? 0.84

Proposed scheme in Renfors et al®® 0.84

Proposed schemes in Lele et al?+25 0.5

Proposed scheme in Zakaria and Le Ruyet?®  0.89
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To achieve the full diversity gain of MIMO channels, the SM techniques are applicable to the FBMC/QAM schemes
transmitting complex symbols, instead of real-valued ones. In this article, we firstly presented a matrix formulation for
FBMC/QAM modulation. To achieve this purpose, we showed that the interference procedure is intrinsically periodic
through the frequency axis, and also, it becomes periodic through the time axis by appending some CP and CS to the
transmitted symbol block. On the basis of this matrix presentation, we showed that, in FBMC/QAM, the maximal achiev-
able time-frequency symbol density, with the ability of perfectly removing the interferences, is exactly equal to that of the
primer OFDM/OQAM.
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APPENDIX A

Consider the f x g matrix T in (25) , when A = F,;H TF;, the (n, g)th entry of A becomes

p-1 | p-1
1 —j2r j2m
Ay = 5 2 2 (T, e j2xL,q/p | gi2zhn/p
h=o | L=o

evenly | evenly

p-11 p-1
+ (T), 1 e /27ha/P | gi2ahn/p
112=0 122=0 12
oddly | oddly
[ (A1)
p-1| B-1
+ (T)l ! e—jZﬂZC]/ﬂ ej27rlln/ﬂ
112:; 122:; 1:h2
odd Iy evenly
p-11 p-1
+ (T)y, 1 e~i27ha/b | pi2rlin/p
112=o [ZZO 1:b
evenlj odd Iy
From (25) and (26), it is easy to derive that (A1) can be rewritten as
1 B/2-1 [p/2-1
—j2rl 2 i27l 2
A("»Q) = E 2 Z a[ll_lzlme j2nl,q/(B/2) e/ xlin/(B/2)
L=0 1,=0
B/2-1 [p/2-1
+ /27 (—0/P Z l Z by, 1, e—j2nlzq/<ﬂ/2)] ei27lin/(B/2)
52
e A2
B/2-1 [p/2-1 (A2)
+ e/2mn/P l Z Clt -1, e—j27flzq/(ﬂ/2)] o/2mhn/(B/2)
172172
L=0 | L=0

p/2-1 [p/2-1
+e_f27l'Q/ﬂ [ Z d[ll_lz]ﬁ/z e—j2ﬂle/(ﬂ/2)] ef27rlln/(ﬂ/2)} .
1

=0 | L=0
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Then, we can write

1 B/2-1 £/2-1
2l —j2nly(q—
Ang) = 5 { 3y, 2O a0
1,=0 1,=0
p/2-1 B/2-1
+ &2 DI Ny 2012 gmi2eliam /]2
1,=0 1,=0
p/2-1 B/2-1 (A3)
+ ¢/2mn/P Z iy, , €2/ P12 2 e=I27b(a-n/(B/2)
1,=0 1,=0
B/2-1 B/2-1
e i2mn/b Z dy,y, , €2/ B/ 2 e—jZﬂlz(q—n)/(ﬂ/Z)} _
b/2
1,=0 1,=0
According to (A3), Ag,q) is equivalent (28).

APPENDIX B

1) Proof of A’,, + B, =1,

In case of a well-localized prototype filter, for each i # 0, when Al is even, we have 5; a = 0, and also, it is always!®

&y, = 1/2. Accordingly, from (41), we can write

(B1)

N/2-1L-1 +
W)y, + B, = 33 (st g 2y
pp pp +(— 1) 5[21]1\]/2 (AL,

i=0 Al=0
wheren =0, ... N—landp =0, ... L—1.Since A’, and B, are diagonal, in matrix form, (B1) leadsto A’ ,+B’, = I,
2) Proof of A’y — B, =0,
According to (B1), we have (A’,,),, — B',),, = 2(A"n),,, — 1. Considering (10) into (41) leads to (B2)

(A%),, = (B'n),, =2(A%),, —1

N/2-1L-1
= 2( Y flm—Llily21fIm

i=0 Al=0 —00
N/2-1 L-1
ej27rin/(N/2) ze—jZnAl(m—p)/L -1

= < > f[m—L[i]N/z]f[m]>
Al=0

i=0 m=—co

j2nAln=p/L = [ if m = oL + p, and Y x, e 722D/ = if m # oL + p (where v is an

—j27rAl m/L ejZﬂAlp/LejZn'in/(N/Z) -1
(B2)

-1 _
In (B2), the term ) ;e
integer number). Thus, we can represent (B2) as

N/2 1 o
(A%),,— (B'x) Z < D, fl+Iily )L+ plfIoL +p]) eI2rin/ N/ 7, (B3)

V=—00

On the other hand, for each well-localized prototype pulse-shape f[m], for all values of p, we have'®

- . 1; wheni=0,
LY fl@+[iyL + plf oL + pl = { 0: wheniz 0 (B4)
As a result, for all valuesof n =0, ... N—landp =0, ... L — 1, (B4)yields to
(B5)

(A’n)p’p - (B’n)p’p =0.
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Since A’,, and B’,, are diagonal, in a matrix form, we have A’,, — B/, = 0.

3) Proof of |C' | = 1/21,,
In a similar way of the previous section, we can derive Equation B7. According to (B4), (B7) can be represented as

N/2-1 oo
(C),, = IE‘ > < D, Lo+l = L/2+ plf[oL + p]) e/2rin/ N/
&\ 4

N/2-1 v—;‘” (B6)
L _ oni .
=3 < Y [l +Tily/2)L + plfIoL +p]> o7/ (N2 gr2en/N,
i=0 v=—00
' _ 1 ipnN
(c ")p,p 9 : (B7)

Since C’,, is diagonal, in a matrix form, it becomes |C,| = 1/21;.



	On the time-frequency symbol density of FBMC/QAM systems
	Abstract
	INTRODUCTION
	OFDM/OQAM SYSTEM MODEL
	MATRIX PRESENTATION OF FBMC/QAM
	Periodicity of FBMC/QAM interference through the frequency axis
	Periodicity of FBMC/QAM interference through the time axis
	Rank of the FBMC/QAM transmission matrix

	TIME-FREQUENCY SYMBOL DENSITY OF FBMC/QAM
	RELATED WORKS
	CONCLUSIONS
	References


